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S - .,\ It is an hbnof' to present“this d;Lscussion paper at, the Jerome

:f h 't’ o, N ﬁg b ¢ .
N % * 'Cdrpfield Memorial Sessi}n of The American Statlstlca'l Associatlon. The

'~
.

: s ’ l
e, ,‘ t\ﬂpiq of our” paper seems especially appropr.g.ate for this. session since
. # <4 -

. . . .,

S we . .

< L”_,’\_,,”—* . . N

s B/Mrpspective studies were made by Jetome Cornfield
,_____,,/" P .

. many mportant contributions ‘to’ the stﬁd.y of health effects -from -




Introduction

.ﬁhilosophical'discussions of causalityfcan be far ranging and touch

’ . =

upon an enormous varie;y of subJécts “The reason is' the emphasis; in

. t
- .

the philosophy of sn1ence,~on the—understand1ng~of-causal mechanisms

. . . s

' Statistical discuss1ons of céusality are substantially more limited

'." - .'- 13 ; -3, K

in scope because the contributions of statistics are fo. the\measurement
\ . . v . R - E——

of tﬁe size of causak effects and ‘net to ‘the understanding of causal-
- v '. - v . [ . 3 ! \:.
mechshisis This distinctioqjis sometimes expressed as "statistics can

. establish correlation but not causation -We feel our emphasis on

measurement versus understanding is more, appropriate because it 'focuses om

-t +

Ll

. the things that statistical‘theory can contribute to discussions of -

causalityirather\thangon_what it can not. It is perfectly possible to °

-
~ PR . f

‘- measure a cauysal effect accurately without any understanding, whatdoevend,.
. . e . ° N r, 'Y

. . <

‘of the causal mechanisms involved.' The measurement of causal effects withwut
2 P d ve ~ . ks
, be
understanding the causal mechanism is, of course, a commonplace experienee
. - LA

»of everyday ‘life, i.e,,- people aré quité capable of us1ng automobiles,

ovens, calc‘ﬁators ‘and . typewriters’safely and effectively without .

- .
- . ——

detailed or, in some cases, any knowledge of how these devices, work

On the other hand, precise neasurement.of causal effects often leads Xo

] B

a better understand g of the causal methanisms involved .
¢ . 3 < > .. ”~ . T :
. ¢ . . ) . ~ 1 \ .

In thig-paper, we develop a mathematical model for causal inferences

-

..

o

id p ospective stidies that is,based on. the work. of Rubin {1978) . and

. » .- N

we, then apply‘ it to causal inferen\ce in retrospec‘tiveccase-cohtrol

A . ~

°

'studies. Before~developing this model we shall briefly delineate what
we consider to be properly called causal agengs in‘a statistical

° . 1} . o
discussion, and shall also sharply distinguish causal effects from "gains

N v v -~ v

over tiﬁe’ -= two ideas that our experience shggests are often confused

" ¥

with eaéh-other.




N , .Causal Agents N - ~
) N B \ v * 0 . . & . .

x Consider  the,following two staterents: . S : .

N3

. ‘ /- \ )
- (a), "That person didn't ‘do well on the exam because she did not
. j’ study fifst."‘ 1' I o . - ) .

' - ..
' . B - . . - . . . . ¢ s

(b) "That gerson didn' £ do well on the exam because she is a woman." o

. -~ “ -,

o < C, In statement (a), the implied causal agent is the amountvof . ' S

¢ . . studying:'that is, had the ﬁerson studied harder, she could have done
» - " - .
R \ NEE . -
" better, on the test. ‘'In other words, there,was a poxnt in time when:'a
’ - : C S - - -

c ;
- . choice was/made either tq gtudy or not.to study.and the comparison
AN : R o ) : ) ‘. - .’.
between the subsequent scores on the exam is the causal effect of - .

studying versys not studylng . . o Lo
- )

‘ Statement (b) is statistically very different from statement (a).

! [

) _ o ;
Y. in‘ that- there is no ¢hoice of 1evels of .a causal agent possiﬁle, ie,, | ‘\

.
Y]

) - the person'cannot choose ,or be assigned to be a maie or female.ég

Consequently, there 'is no logical domparison possible for a single

-~

o on the test-as a male., The use of eause \ éﬁatement'(b)'refl@cts'only the 7

Ce .
. -
A L4 s

- ; 4

cornelation between aﬁtributes_of“indiv vats. In medical stidies the term

.‘risk factor" is"sometimes used broadly to encompass both causal agents .

v Y -
like smoking which can be altered and’ individual[attribuq§s like age . 2

~ _‘ e
. > o

+ 7 ,and sex whioh can'ﬁot. The identification of gender or other individweal

- _" attributes such as race as a cpusal agent in such questions is statistically
. ) i .

R meaningless.i It ma? a1so~distract scientists from the.study '

Ll

g

o< v . P

Lo individual Between their score on the tesL as a ﬁemale and theéir score - . )

' '
. - L
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" . . . e -
2 . B . . - .
s . . . 3 . - ,
! 2y o : y l . . . - . .
e, SR . s ¢, @& o ’ . . » .
< . ' .. B . . .
‘ .- ' . 4 . o - N N o
.
.

o




/ .-

>

?

of oausa% agents tﬁht can have beneficial effects, e. g,, finding

A > i ’ .

programs of saudy\that are partieularly effective for women and &

. . . e 3 ! .
otherS«that are p rticularly effective for men. .- RS

SMIE is common ysage to say that the . levels of ‘causal agent are
p) $

- v

treatments, especially when their assignment 'is under an experimente !

¢
S
4 ' »

contcol. 7 Y s '. o ' ’
. pay . . .
Our definition of causal agent is much stritter han some. definitions commonly

B

used by economists, e. g\~Granger causality (pranger, 1969). We believ& that. °©

. s .

to lable any successful predictor a-causal agent not only'misuses the language

agd thus is deceptive, but also may lead researchers away f!gm study ‘of the

- s

o & Y
S

- e T &

relevant, scientific questions of the effect of manipulations ‘that are possible.

.
~ - .~

¥

Gains versus, dausal effects ° \ .

. .

: In order to distinguish between gains and causal effects, cohsider
1 @ j .

a student who-was coached for “the Scholastic Aptitude Test (SAT) between.

d

)

the first administration of the SAT, and the second v Let ‘the two scores

.

‘.be,SATl andVSATQC—- the subscript C indicating the coaching that took

\ilace between’ hdministrations of the SAT. The causal. effect of coaching is‘

l" This difference»is the gain (or loss) over tihe in SAT

scores. The causal effect of coacping is the difference between the SAT
’

’ scére at administration 2 given exposhre to coaching, SATZC’ and the SAT "
sdore at administration 2 given no exposure to coaching, say SAT2 . The
g ’ : .
pre—coaching SAT score, SATl, may be useful in estimating the causal effect

lot SAP, . #SAT
s Ve

5.:

o coaching, but SATZC - SAT’ is not equal to the causal effect ‘of " coac gy
- . ) ’ . » < PR Lo A
“u less we assume ‘that SAT =SAT iael, a "o’ change withou't coaching". )

ZN’
at sumption.,-Ehe tenability of such "no;change as umptions'in general

ra r-.. . «

depends;a great deal on the particﬁlar sqbstantive problem»under study.

A l‘
, .

this_SAT exampie.

e B
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2. Causal inference in prokgective studies

AN The 1ogic of measuring the size of causal effects “is ¢learest.

A ¢ ~ 1

.

»

in prospective studies\and so we shall pegin with _that case. The

(’l . . i

'essentiaL elements of a prospective study are the following

’

(a) a Eogulatlon of uﬁits, Q ' . '

g \ ,
(b) -a set df well-defdned~levels of - & causal agent (or treatments)

t
-

to which each unit.Q could'be exposed. (For notational simpIlicity,
, - \ .- / :
- we consider only two treéatments denoted by "2=1,or 2=2)

a’ response Y which can: be. ¥ecorded far each unit after exposure to .

'v,w. . . -
a tréatment: . . . P .7 -

. -

‘o

In a prosﬁective study, a -sample of units from Q is obtained and.
- » l . ﬂ‘ . » 4 / ‘

" “the- units are assigned to treatments. The treatments are then applied,

-]

.

o i | . .
and later 'the respomse of each unit if the ‘study’ is recorded. The

' . v
- - -
\_ 3 . \ v

intultive,notion—of causal effectsthat we wish to describe with odr

.

model .is the difference between the ,response measured om a unit that
- l ; ‘

is exposed to treatment 1 and the response that would have been

»

meaSured on the same unit had it been exposed to treatment 2. Thus,

)'
.our notion of the causal effect of a treatment will always be relative
4

_to another treatment, and 88 defined for, each unit in Q. . . '

-This meaning of caisal effect is not foreign to statisticai'thinking

‘and is evident in the writings of'R.A.‘Ffsher‘(l9259; Kempthorne (1952),

'Coéhran (1965);”and’dox (19583, for example: Although this,notion of

a causal effect can be defined for eat¢h unit in Q, in general we are

a::m . -
’ ° S H

nbt able to dirggtly measure, a causal effect for a single unit because
gr“,r 3 .

having given treatment 1, we canno; return in time to give treatment 2

dnstead, Ihis is the fundamental problem of causal inference and our

\




.
o

- . . .
Formal model will show how its.solution is related to the use of -

a
.

" .
randomization and of covariates. . .

»

. . LY
Before turning to  the formal model we need -to define the nature of the

* ' . . / . . -
response Y. For our discussion we will assume that Y is dichotomous, taking

-

Jo L
on only the values k=0 or k=1, The extension to Y taking values in an
s 0 > .

- -

v

arbitrary finite set_is straightforward. We have. chosen 'tb restrict Y

to be discrete in order to emphasize the fundamental ideas behind the

’ »

measurement of causal effects without being distracted by the special -
. A
mathematical baggage that is,automatically asspciated with continuous:
; .
variables -- i,e.,. additiyfty, etc. >

’
. - v : T b

! ' .

The formal model and definition of unitglevel causal‘effect
S .

- ~

In our model, instead of & single dependent variable-Y, we have

» ' 4 .

a dependent variable, YZ for each of "the' treatments to which the unit could

-
N . . " .

have been exposed. Thus, if- the unit is exposed to treatment l, then

*

swe will recbrd'the value of Yl for that unit. .If that same unit.had

“a Y -t - ‘
‘ ?
been exposed to treatment 2 1nstead of t atment 1, then we will-recqrd

i - ..

the value of Y2 for'that unit and not the value_gg Yl' More formally, for
LY B .

two treatments, with each-unit in Q we associate the following partially

. obgservable vector of information:
‘ B

R

where

'Yl = response made by the unit #f it is exposed to treatment L

IS
-~

" The novel featureaof this mo&el is the introduction of several versions

.

~

o -




¢

of the response variable, Y,. There is a version‘of Y for each ‘level of

* . \." ' : ‘w - ¢
. the causal agent because our definition of causal effect compares Y ( the
response made if ekposed to level l) to Y -(the response made if exﬁosed toA.
l .
level 2).: The fact that each unit has a valug for both Y1 and Yi° '

is very important because it allows us td define causal effects at the

Fd

.. t .
level of/individual.units. If Y; = 1 and Yz = 0 for a particular'unit,_'

then the causal effect of treatment & relative to 2 for that unit {s, to

o

\ h v

change 'the response_for that unit from O °to 1. -Rubin (1980) refers to‘\

’

the assumptidn that the vector (1) fully represents' the possible
-~ X :

values of Y under gll treatment assignments as the "stable.unit-treatment
, ) . .

-

~ !

value assumption. _ .o .o zb

. i .

A juestion that immediately arises 1s‘whether or not %t is ever possible -

- o expose a tnit to more than oneAtreatment and thereby directly observe

- 'v
'\.\ ‘. . . . N

more than one component of the vector in (1). ,One can argue that.this .

. \\_ - . , .

s never pOSsibli in principle, because once'a unit~has been expostd to é.

N . v
~

\‘ntreatment, the uqit is different from what it was before. T .‘ ‘. “

However, the reasonabieness of this extreme position depends on the |

’ nature of the treatments and on the units under study. We will not |

- N

pursue this iss’e further here bﬁt\will’simply make the "worst case"

assumption that! a unit can be exposed to at most one treatment condition. -
» . t "

. For our application to regrospeqtive studies this assumption is‘adequate )

L)
- v ¢

;since in these studies units-are only exposed to one level of treatment.

In going from the partially observable vector in (1) to the C

e
” -

observable data we must introduce the variable S- where S =3 if




£*
-*

« 8
.

- o
~ - .

the unit is exposed te .treatment %; 'S is the ' selecnlon" ot - ' i L

"Massignment" variable tﬁac indicates to whlch treatment the individual
. LT . L

. . . _.\ . . S,

is exposed. _ .. . _ Lo~ ca L . &

¢ @ . ' T ’ e A ! h . ‘_ . . ® < - N .
The observahle data from 2 unit #n Q is the vector -

- P ) . T e <. . . ) 1
. - A E .

T @ed e e L

<
. . »
. . - [ . '

L . Co Y ey eSS = A stL2 . Y ¢ I ‘

. . »
~ ] . .t .
’ .

. .o N . e K . .
\j ; . - - * . R o.
‘The quant;ity Y is the observed value of the response and is therefore . S
vt ) ¢ Al ‘ '
what_:-_is usuall,y called’the "d\ependent variable" in statistical discussior}s, a T
) o ) . ot . a‘ VoY
. We never get to observe—Y2 ifrS # 2. ince we can observe ~on1y t:he .- e, O
‘_ .. o N, 0% . v T LRSSt s
.v8lue of ¥, of"¥,.but not both, it.is4a consequence of the model . ¢ ° TS,

\that causal ef.fects for individual units are not directly measurable. -

- M L © '

.Indirec: measurement of Ehe‘caueal effects is sometimes possible,
' =8 , : . t

and our purpose here is to analyze this, pc;g‘sib;ility for both | .° ..

. ° -
. *
A} . .

”

prospective and retrospective studies. o - ‘o~

. . '
. In summary, our .idealized model for a prospective causal Study

(4) Determination of the population Q. qnglei‘ study.” .

‘can be viewed as based‘ on the fol‘lowing,,seque;}ce-of steps. .~ ' - -

(B) Determinatiorf of the treatments _under stud};. .- _ IR -

. a

- Te
‘e v

. (C) Determination of the reSponse variable Y to be. observed . T e

(D) Consequent def_initipn of the vector (YI’YZ) for every unit in Q.
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T A zln the sltudy_.(, - . .. Y a o i T : M | I
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AN *, (FL .Consequent definition of ,the vector (YS,S) for every unit in the +
L : > - e it . ' : ’ ' . ' .
. ' ., st:uc_ly. o - R ) . — e — \' ..
* . ’ i > - . .
.- (G) Observation of (YS!S) for each unit in,the study,- . S Lt
-~ . o . ) . .
> e . . . ‘ K
T ",\‘ . ) A .. . . ) ‘ \\ T .\‘ ‘ ‘-, - ) _. L I
- Ifidirect measurement of causal effects . . B - . . >t .. .
AY - [ . ’ . , 0.
ot * . Although our definit:iog of (:ausal eff’ect at the unit-ievel . < -
. 1 . L \‘ < 1N v - Y ) - * “'
' c - . & A
. corresponds to mdst: everS'day uses of the t:erm cause (e g. s I . P
: ) y . - i) 3 . " "{ : .’
. ,didn't do well on t:he £exam because I didn't st ) sc:.ent:ific ‘. ' , AR
. ' é - s s N v * «, =
. P <
< ,studigs often mugt be cont:ent: 'with measuring a weaker °not;lon of causaL v ..
o . PR A F R
. \;", - effect:‘ . Ir},.t;‘he populat:iop Q, suppdse there are nk(ﬂ.) units for whlch . s
ot st i z-lc =1, 2 k 0,I., That: is n (l) is the number of units for wh:l;:h Y =\% ,
. < _e - . . " - % TP
) If n denotes the total number of unit:s in Q, then the vector ¢g * oo
: : . ) i ) N i . .. 5/ »- ..., \ . " &
- ! [ 2} - * :I‘ M N - - ] Y ' )
3 . P - . . ) , s . . ¢ . S . et k 2 .
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> s e vt N . A
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) ‘gi\/r, s-the distribution of responses under tredtment %-for the'entire’
: . ? . ’ : - . / N 4

' population Q A weaker définition of causal. effect qf tr_ea*:tnfent: 1 0 NN . .
) . - } C

-
rela,t:ive t:o 2 is based or t:he comparison of the ‘two response dist:ribut:ions

‘e »

. * * &

q(l)- and "q(2). If for examp/le, ql(l) > ql(2) 'then t:he populat:ion-— .

-~ - / . - N

. ) 4 * [ H

Ieyel causal effect of ,l/relat:ive to 2 is to increase ‘the proportion . v

: S N . . e o ¢ oLt . ~ )

L of unit:s in Q for ,which Y=1. We shall’call q(l) t:he cdusal paramet:ers v :

of t:he.st:udy. In terms of“the distribution of ‘Y ‘over Q qk(z) may be | .. 1, A

\ . o R SO S

¥ \ expressed as * - .. . N . . . » e

T i . et ) = 3 A . \ ; ‘ e :"

P ;\ . : ‘ ’ . qk(z) P,(Yzak) . oL Y ' (4a) , 5

; P T : T } ' . : S ) h ‘\;‘ " "»
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<

.Consi&gr a simple randomized experiment..'A rand sample of units -

N » .
-

.from Q are éxﬁosed'to treatmentﬁrtand the. values of Yl are obtained for

'them:'qghis gives us an estimate of q(1) which has Qh accuracy that . * ~

~

p' ! . » T . N % ' R " » . .
depends on the size of the rdndom samplef " A second random sample.of .

. . -

» units from .Q iS'expose@ to treatment 2 and the values of Y, are obtained

1, Pl \ -3

for'%hem. This yields an esglmate of q§2), ‘At comparison of these two .
. .. ¢
I
estimated causal para eters is a form of causal 1nference because it

! > - N » ‘-
under treatment 2 by a given estimatdd amount oo 7
-
~ . . b . - © ' .
T APERCEN ) ‘ - ‘ N k- ’
Homogeneous populatidns .. . T : .
> P ., .
e . . . ’ . 7
v - A'population<level causal inference is'weaker than a unit-level

[ _v-:-:~ .t ~ ., = - e * B ’
%'“qausal infereﬁceobeqause it q,es not allow us'to say how treatmentsf“(

o' Al

~

and’ important circumstaan whic we now discuss. If Q is such thut Y

1 ..
¢
;akes o a single value for all-units and, Y also takes on a single
M L 5 . "
) value (that~is possibly different from that of Y ) then Q will be. said.
‘ ‘o N z 2’

q\ have homogeneous responses for treatments 1 and 2, We shall refer .

to.§%ch agajas a "homogeneous population . When Q is a homogeneous
» s : .
populat on, then fhe populavion-level causal inference-is equivalent to

. -
/. . ’ N -

unit-level causal inferences for dll the units in Q. ‘For example, 1£
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Q“ | ~" o ,,' h k B . '..S(.Z) 2 (qokz)’ q1~(2)) = (1,0) L o | : ':. :

“1 ‘ f N . ° N N' j“ S I . " 4 . l. * ’

[, . Lo R . .

; then treatment d changes the responses of evéry‘unit in Q from Y=0 under' . o
Yo ;. 1 . ) . . - . ..4“ L
n o treatment 2 to Y=l ' . - . i - % s

. - 2

N B ' Earlier we distinguished hetween individual attributes ahd ) St

-

-~

s .causal agents..,AttriButes(oan be used to partition .

N °

. 3 .
Q into subpopulations. Finding homogeneous subpopulations plays an : “

“esgential role in much of scientific research. In the physical sciencesk

‘ the search for "identical initial conditions" is really the search for T

. .
’ - A

' collectiens of units (i.e.,, populations) with homogeneous responses, . <

<
s
P

. e . An \ "ideal covariate" is an attribute (or set of attributes) which may. be

;' . o observed for each unit in Q prior to the onset ofwthe treatments and » >

-~ ‘\wn

which defines subpopulations of<Q, each of which has homogeneous responses ' -

;’.I_vﬁ¥w. , to the rerevant treatment conditions. In practice, of, course we must.

. . . R n

g S often settle for less-than ideal~covar1ates which only define subpopulations

‘iq,,.\.v. - )

'}that are- relativelz homogeneous* ‘ - . o
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“ TN v . - “ r.lh‘ - -
car oY "‘t > . . . - . le

T ‘f:IntermediatE-level causal effects}.é-'°?5 S R *
,\ . S kel ) % > PO
T = & PR '

ugx¥* There is an, intermediate level'hetween unit— and population-level

b st Tl ~

iy
e

-
-

i) s
ausal inferences. COnsider all of the units in Q which respond with =

Lo \ . . [

< o ,:the value k under treatment 2. -We may ask, in. what way does treatment R

[ ‘ -
~ g

change the responses pf these units? That‘is; what is the distribution

‘4

: of%walues of Y for-the units in Q with stk The answer to this question

W .
. is a more detailed.causal inference than a population-level causal

. 3 "2
. ’ A - . O - a.

dnference, and yet it aggregates units in’ Q so. that it is less, detailed -+

, . ’

th@n a unit“level causal inference. This intermediate-level causal .
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> inference leads naturally to”the notion of ‘a causal-effect table for Q.
> Let- oo, ° . T - - . o .
v . LA ' ° ", [
. nk'g, = number of units in’ Q for which erk and’ Y =k' L 4} R
- <t . et e ’ ’ ;
: ‘Since m_ is the total number of units in"Q, . BT ol .
: L Y k' = P,/ N (5 D
. ° ¢ . s . . ot - e
s is the proportion.of -units in Q for which Yl=k and X2=k'. In terms of the .

joint distribution of Y, and Y, over Q q, . may be ‘expressed as
I

. o
} ¢ . .

. . .
. B
s - - N e ©
.
‘ ” ¢ ! *
£ -

. ) QG o0 = P(¥&=k, Y2=k'). e ' (5a)
B ’ -
.o, R

= ~. . Let q be the 2x2 matrix with entries Qe e Then the row totals of q yield - .
~ ’ . ~ .

the distribution of responses under treatment 1, i.e., q(1l), ahd the RN

" column totals of q yield the distribution of responses under treatment- 2, L

-

i.e., q(2). - We call q the causal-effect table for treatments 1 and 2 T

. S -~ . - - ,
' \

*in Q. Table' 1 is a causal-effect table.

v

Tableww*about here . . L

. N
. . - 1

As discussed earlier it is often‘possible to estimate the marginal +

Y e i et
e oo et e 0

distributions q(l), l=l 2 using randomization. Howevér, it is generally =

wle v

; not possihle to estimate the joint distribution q. This problem arises T

L4 W t, .

because of our fundamental assumption that Yl_and Y2 can never be

>

o e N B s

o . - [}

VEPIRS]

simultaneously observed on any unit. The one situation in which q . .

can be estimated a;ises when Q is a population with homogeneous responses.

¥ s

The causal-effect table for a homogeneous population is illustrated

.

in Table,2 and we see. there that q is uniquely determined by the marginal

‘ distributions q(l) and q(2). . o
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Table 2 about here -, ", -.. ‘ .
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7
When Q 4is not homogeneousj,it‘may be possible to decompose it

'

into homogeneous subpopulations, and compute the causglleftect‘table'

for each of these subpopulations.: It*&s then possihle to~accumulate
these subpogglation causal-effect tables to obtain the overall causal-
~ . . . LM .

effect,tabl%ffor Q. If it,is not possible to find homogeneous subpopulations
gf Q then it. is not possihle to form Xheicausal-effect table for Q ({
. ’ \ . v . !
<" from its margins because the' entries aréinot'determined by q(1) and

.
’

Q(z)' ’ ' . ' * *

-
’ -

\

¥

T B f o, .
S eiwe rarely encounter perfectly homogeneous populations in

- .

practicew we may raise the Question of how constrained is q if we only
know (or can estimate) the causal parameters q(l) and q(2), The kinds*
of constraints that exist are easily conveyed by a few examples; these

are given in,Table,s. The‘margins of the%e,causal effect tables are
i (Y “ .

— .

considered to be knowh and fixed, and the range of’ possible values for

the\%ell~entries are given in parentheses. It is-evident that if one of

| . s

the cells in each margin is near one, q is highly constrained Whén~

.none of the proportions in q(l) and q(2) is large~ g is lesseconstrained

The general rule for calculating thegranges of vdiues fot’these tables\is -
R Y X '/‘ . .

. gilven by:
. - ‘ |
Fs v , . N - |

| gl
W

max(o,qk(l? f q <z> - < Gt min(qk.u), qu‘.gz)) "
) |

o

The selection variable,and the rDle of randomization

ives the‘joint distribution of Y1 and Y

) 2.

ﬁa . %

over Q The data in.a, ausal efféct study consists of 0 ers of (YS,S) for
.“‘ 1.. / /2 /
©. each unit'in the study The joint distribution of (YS,S21over Q does -

, s L
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.o / .,not’ determ:tne the joint distribution of (Y );? We may decompose the s, Y
o t " » s L e
, . JOlnt distribut;ion of’ (Y ) into the conditional distribution of Y e ;"‘;
~ pRY = "’ ’ ~ . ~ N .“" -T AL
*given S and the -marginal distribution of S. The corrdition‘al distribntlon PR I
. of Y given S is specifiedrby tée foIlow:Lng‘probabilir.ieS' T o ':_ fow 5';
NP , o . . oo ) _\ ] - A . . Eall” . - . ., .‘ :ﬂ}
‘ < N Y o ’ \ ‘ ) -. ) . ) i ‘”, . e :’ . . 34‘
A e - h “'.:.;- ~ K 'tki = P(.Yf. = kI:S = 2-) ? .2 = '\1’2 %ﬁd k = 0,1 - k - z7) o ?' T aj ‘»{' ‘\
; K l . . Y ) i . ] - j;l \ N V.‘ Lot .( ;
N . l\ N . . |‘ qL . _('. LT
.o The marginal distribution of § is specified by the foLlowing probab.ilities L e
L ‘. . ‘ R ’ ) L
¢ .’ . ’ , s R . , I , Ty [ ) N ',\3
'..;" ‘ . SL . A Y * P(S = 2), 2 = 1,2::0 l / } gQ:“(8)"' -,.,
; - , g 2 ~ - e . ) i . > " ‘,’\ M
) ; B : 2 ot - - ' ) N ;&a.\’ .
. ' The fundamental problem in a population-level causal inference (and e |
. , . . .
therefore of all stfo_nger forms of (c/ausal inferences) is the estigtation: |
’ 11 - ’ ¢ . a ' |
. foo o ) Y N . . - . ‘
’ of q(z) for 2 =.1,2,  However, the only data we can obJ:gin in a causal . U
* : “ . . ' .~ :
] * study allows us to estimate t:he conditional probabilities given rin (7) «;
<& s * 'ur - 75
> ] » - Thus, a question of paramount importance in causal inférence is: when are a :
» - .
(2.) & P(Y = k) and g P(Y k]S w equal" That is, we are. Ted to seek
’ e X ;
T . conditions under which the followmg equation holds. ; -0 4“ .
' . o T < N ' v
B .i w, " ",5""4-,9\,:‘ _— ', i . i e ) .,
g : PP, =klS = p) =Ry 2 | SN
. ] ‘ e 2 ni . 9 . -
. ' - B v N ' : .
P Ta \3: i v ‘ \
'rhere are two. very important cases where eqnation (9) holds T random - .
assignment -and homogeneous populat:ions. We discuss each”of these -
. L ¥ .
¢- P o ’ LA
briefly“‘ in turn. . . g .
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» 1]
3 ¢
Val * ‘ 4
v . . ‘e
. . ~ 4 . i
4 * e . \‘ -~ K .
| . ' ‘ * ¢
‘ x ' " . . : . 0\ . . - . .
\ NN #  Random assignment: If S is ,st:étistically :Lndependent of Yz;_then equation . -
‘ : “ ' t I N
\ ; ; ' 2o
3 .

N A "(9) .must hold by definition of statistical independence. How can S be T

o " made to be independent of Y27 A‘ei'e is no way to be absolutely sure that " " 4
. v.,. s is independent of Yoo However,»:the process of “random" ’assignment*of- a .
" &L, I . ~§:‘:‘a

the” values of S to the units——in Q makes it glausible to assume that equation

. x ¢

- Lt ‘ (9) holds if Q is 1arge, Thus, 'und_'er randomization we have . o B
o - . s IR : . 2 .

. -
2 . { K . U]
. . v . . - B
’ . N . - v
L, R « )
PN . * - oy g R

B(Y) =K, Y ”k'l.s' = 4) = B(Y

B ‘. P . . .
s C e ) s ,
N r
.

and equation (9) .follows‘ The statist'icaI independence.expressed in. (10)

-~ i . W 3 ,
. . is a ver_y impor:tant point in the Justification of fandomization but it . ©
3 r oL
s - o Te ot . i
Al . is apparently not appreciated by numerous writers-on the subj ect. For ’
2

~ : . [

. -.A example, it is often asserted that: there is a "difficuity in resolving | i :_,' o i

N - .. andom:!.zation and the Bayesian/likelihood?modelling framework (Basu, l980,1 L Qf

' Kemptl\grr:e, 1976; Kruskal l980) However, equation (9) is a fundamental N \

- ) - . one, forvl)ot}l Bayesian; and frequentists bec!ause it makes a parameter 4 " N _;;::_ ;
;' . -t:h.at can._b‘enest_imat.ed from data (i.e." P(Yz = K[S ='2,)) equal to-the- A ’

. - . causal ,pa.:_:a‘m\eters‘of -inte‘res'g,:;,‘ q‘. .. ';' ‘ ' - . ‘ \\x\\:\ |

One source of confusion -is tl];t equation (10) does not imply that the 3.__- \ “\

‘ - observed.value X, .is independent of S. That is, the following

8-

&0 equat:'ion' does not hold “4n gener'al: . .o
L ,P . ] . "'.ESF' - ‘~',’ - . * * , . N M
. t- oL <. L. v oo
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*  Homogeneous population: If Q is a hogogeneous populatipn, then equation “9)

- v .

holds trivially without any assunption about the dependence or independence

of S and X This is because in a hgmogeneous{population Y2 is constant

- at
- d =

over units and constants are always independent of every random variable.

Y

-8 ? -
Thus, fer‘homogeneous populations randomiza;ion is\ngo necessgry for -

’ prd . N
- ] v . - ~ .
. . -

‘drauing population—~level causal inferences. v .

N ~ Lt N

In a nonrandomized study, it is often not believeable that~S is

“ - L hd

7
> statistically 1ndependent of Y: so that equation (9) may not hold.

L

Thus,\in a nonrandomiz study the observed values of Yl arernot

» b4

representative of the marginal distribution of Y qver allt
\

94 N 0 ".
.of Q. Howeveii if Q is a homogeneous population, then equation 9)
-f?;, must hold triyially. Covariates.defining subpopulations play a crucial.

. \ . S .

role in‘nbﬁrandomized studies of causal e??ects. First, the-subpopﬁlationé

ey 5

e ‘- »
P . e

vdefinedrby them.can be nearly homogeneous in which case equation (9) almost

- - ' -

holds within each. Second, within each subpopulation it may ‘be plausible

Q . B

to accept the assumption of conditional independence‘between Y and Sy -
* { . . o,v- * -

at best, there may be no, data to- contradict this assumption. The next

section gddfésses this issue in more detail. )

o -3 C ’ : S b )

.
. .

The ‘Role of, Covariates

\,‘l.

Suppose that Q caa be partftioned'into strata on, the basis of a
R covariate.x. We'may then honsider the possibility that equation (9)
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PlY, = k|5 = ¢, X=x) = B(Y, = k|X=x) T )
» ‘3 . ‘ . . . ‘ - - ~— \‘\.
.:','-';5. T a0 " . . . .
N e D ,:? d “"for all‘values of SL, k and x? As mentioned -earlier, there age two reasons
s BOHRIVS - :»_ 2% : .
!‘;:-XQM“‘ why we.may be willing to assume (l],) even‘if we are not willing to assume
os* RIS .

4
g

t e' P - e
% (9) The first occurs when X is an ideal cov‘ariate.and al_l the ngtrata

v -

B
.
.
wse s
A
452,
.
Ve,
[
.

. 'are them§elves populations with homogeneous responses. Then we know,,

9, L >

0w & LA e .

% . that (l]:) holds automatic;al'ly, The second occursewhen we knqw or aré

. x ° e A Y * ! " . .
AN willing tokassume that S and-Y are independent given X. We ma'y be

w ° - . L] ~ q -

S \willing R make this assumption for one of two reasons. The first is
~ - N o i b '

! B \, ' -‘that we actually randolnly assignexd the values of«%S wi.thin each stratum. .
N J’ . -
. f' ° Y .
K The second is that we may be willing to make' this assumption because .
Ly .. . ,',;'. o
T B : the‘rewis- nothing:in* the data, that will contraHict it, This i?’a subtle

T . point and: one, that needs ‘to be elaborated. If we assumed that S had
v o R N et
. ) - ® ’, N
Tt ' " been randomly assig'ned and -was therefore independent of Y then this
L. t. - . - : ‘\m -t
assumption could be immediately contradicted by looking at the distribution

& A 3 4 “X given §. If S had been randomly ass’igned then X and S would be

PR - I . ‘o .
. +.o . * independent so that ~. _ . , . e
.'l. ‘ t.‘ ‘ * ‘. . " -.\&.. ..‘," » ‘ ! . . Pl
f'\' g' e, . ‘-o ’ . ° . ? ', ’ E -
. P(X = x|S.=2) =P(X=x). - - T 612)
« . S, . ¢ 0 C o ] . .
:%s’ % ', ) . - . R * . ) /
v R A 5 4 we examined the ﬁistribution of X given s =g and saw that it did
R o .- et - e - e e -
=3 ; :. :

bl va.ry wifh the value of -%,.'then we would . have evidence that S was not .

oty
Ly

g kT

.

o

-

"*‘":f1(~: oo A “W
not hold HWever, if we assumpd that S was ra‘n'domly *assigned ~within -
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‘each x-stratum we.' coul
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" Now suppose that equatidn (11) holds. We may: use it to.obtain a "7,
. basic formula for the causal parameter, qk(z). We have ‘- ) . ) -
3\ ~ ’ . ) “* ”év : ) ) i * ‘ ¢ / Ed - ~ I} ..;r' *
Ly c q (1) = B(Y,=) = L P(Y, —k[x=x) P(X=x) - . Ly
L B Y . . ‘-‘.‘ ;’ X - .'
’ \ ) A - ) 'T‘ ’ * ‘ © ) ) W
. * so that L ’ ) v ‘: k <
4 N ) - . N
‘ . R . ' e
. 3 ’\
| ;o PN =2 P(Y,=k|S=2, X=x) P(X=x) .. : CRCTATRN
e ) { ) - . X . ‘: . “

N .
. ' 3, . . "

Equation.(13) is a basic fact of probabilities. Equation (14),reiates

.

» 7 two quantities that can be eétimated,\i.el;:P(Y2=k|85$,'X=x5‘and
. - [3

P(X=x) to the causal parametersﬂ Tnﬁs,‘if equation (11) holds we can e

Y . ) . .
estimate the causal parameters and draw population-level causal inferences,
N V‘. -" . .. o . .

Eo v .

° " 3. Causal Inference in Retrospective Case~Control Studies v .

.

’ . . * woy -
The structure of a retrospective case~control study is considerably

. . . . . . : 4 .
) 'diffenent‘frbm the general prdspective study dIBcussed in Section.Z"' . -
5

P [

‘e

In a case—control study a population of péople is divided into’ those e

i
K

W ‘ who have a particular symptom or disease of interest (i e., the ' gases N -4§g;

RS

"and those who do;n9;~have the‘symptom or disease (i.e., the "controls"). :'

!
sl

" ~Samplas of cases and controls are selegtzﬁé;rom.this population and o

o information about-each selected pe;s/n is obtainedﬁgo ascertain: = .

Wtz e S

«
& « .
LN

s

,-—»- § -

(a) the level of exposure to the particular causal agent of interest

and (b)‘ other medieally’relevant information which may be‘used to_
V. L r .
define subpopulations of units* e e 2 .

5
; oL P » +
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The response,variable for a cdse-control study is\the dichotomous

variable that indicates whether or not the unit is a '"case'" or a

"control", ie.,, 7 Do - < A ; T
' - . . . % b N e " : . v " N
, . . R o ) s
: . R S 1 if unit is a, case- o T ‘ .
S . - . .
. ) . ) . 0 if unit is a control. ’ ) . .
: ’ - e N s N . . T ) - ) N
X Case-control studies are retrospective because they Eegin at the end~ B T

kg

point of a prospective gtudy (i.e., observations of the response "

variable forx éach unit in the study) and then, look backﬁvh time to .

. - - x
. \"‘»

digseever the level of caudal agent te which.eachtunit has Been . '

exposed (i,e., the value of the selection indicator S$). In addition to

. this. fundamental difference between_ case-control and prospective

‘.
L4

studies, there gre two. other differences that should be mentioned

First, since the in¥estigator can only collect data: on prior eXposure £

%

‘ta the causal agents of interest, it is impossihle to employ

. randomization to,assign units to levels of the causal agent:

. T * . L
Thus/case—control studies are never randomized. Prospective studies,
Lo _/ b ' - -
. f3on the other ‘hand, may or may not employ randomization depending on

-

fthe amount of comtrol that is possible. Sec nd the populations
.
studied in. case-control studies usually consi t of survivors only,

S S . - g .

TGS A e Tag L b

4 ,\.\'S‘.

because it is often impossible to obtain compa rable data on O .aﬂ-'
individuals who are deceased. This limitation can haw e'a séribus .

. - ’

. effect on the. interpretability of the results of a case-control study. .

We shall assume for the moment that the.populations considered aré not

- =~ -

- subject to»mortality. We shall return to:this point in the discussi n

¥

of the example>in‘section 4,
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T . Although in principle it is almost always possible to formulat:e‘a
% % |- - 4
[ 1 ’ _“
0 o lprospect:ive version of 'a case~control study, it is oft:en much more
t4 A}‘,! ‘<: )/‘ R
¥, \

expensive than the cdse~control study.

o < -"‘,_,'. N LA

(a) prospec'ti\}e stulies often fequire large. sample sizes '

. .=

especially when the "cases" are rare (é.g., when Y

-4

)

g = 1 represents a rare

B2

]

- at t:he 2nd level of exposu're t:o"t:he*;causal o

e

R,

cep

There are, several reasons for this: .

[\ isease), (b) prospective st:udies-oft:en involve, long :'t:ime _s'pans'- .beff.or:e
@ elevant: dat:a become available. ‘lence it is likely t:‘lat: caae:é:pn'tro]?
t:udies will always be'an attractive possibility for’ many types’ of
/ cient:ific invest:igat:ions, especially <in the early s::ages:\of.t:he research
"‘It is t:herefore important: to know their limit:at:ions, to design t:hem ass'
& ‘W ll as possible and to analyze the dat:agcollected in- §\kc£1,s/uad%es . ,
| correctly. Our Foal in the present paper is to) illuminat:e a.‘ﬂ. of t:hese )
e ‘ paints by applying “the modeg. fotr causal inference ;ievé/loped ,in ﬁsmect:ionQ ;
* t case’-contnol studies. - . S B ) ’
- e s
3 The standard two:way t:ab'le and ‘why At is mis ead 4 :;24:'{““: . E <
- P : '7t is }eustomary't:o Y
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. M 4 ) P ‘ ! .
, . ) M Ty :
- : g v ’ - : . - " "‘j E
N ‘e ' ° ! . e 23 - ; ¢ ‘
. . . . e, . ° 1] -
) AN . Co . X3 ’:}} . . - ) L N
B ’ agent. Before examining this table of sample data 1e: us i
| i SN
| . consi;ler the population table th‘at underlies it‘* This population table
‘ .3 gives the population proportﬁ:n of people for.which $=2, among all those
. e -
}, o ‘ ‘fox which Y =k, [k ==,9 l 8= ,2." These populatipn values are:d‘enot,ed b:

' - . ’ . T s . ¢ - . .-
:‘i" . - ., - - . - - . ) . ¢ . i .. -
‘:Q . '(1.\' vl.'. ' ) 2 /\ ) :‘. ’.‘/J.. ' v ‘f"' - ) ' . // - @ - ) I b
. . . . LI " : T o : N - e .
N . E - . Lo . 1. :’rkz = P(S = LIY = k) . <, " . (15) .
- . v ° 3 . . - ;. - .
“ L f s -
)» ’ . ’ - . ! - S -
F LT e e v { .

‘.a‘nd .ari'ay,ed as a population tabl’n Table 5. The sauiple ratio

. g N : N e i .
- . N » .
. . . . . L
. )
t - . - . .
f -

. ° . -r . -

. } Y

: : e “ "v' . * A . ’
. . t . ) = . .
Lo e Ty oo Lae,
. . . N .
N s ) . -~ * . ~ 5%
) v » . B 1 N
. {,\Eé"\ { . ' - CN~ . : ’ T L Y
egtimates Tig e We shall call the%kz $he, retrospective probabilities of
' N ' . - - -
. voe o v i . .. ‘ N B . . . . , )
the study. A S < : . - .
b R ' “
: e > N ° ' -z
. . N ‘{. * e
. P R Tab¥e 5 about, here .. :
te o Lo : - . oL
c [ : H . ) N ; N A '
L \\ :ﬁ - A . . o v
~In tl\mis development we -must emphasize the importance of’ representing
EES 1 \

. the obse;'ved valu'e_ .of the, response as‘-YS For example in (15) it: *would “o
' - » >

ke incorrect to _c'qfnditiog =k since ¥, is the’ response N O
C - nade if exposed to treatment level 2, whereas Yq is the observed 4
- . - .

: fesponse. Because Ys is being c:ondieioned on in Table: 5,+~1t .is s\ometim%s
. . K N -

. . N e I T ) - - . .
.said’ "that in’a case&control study exposuxe is the dependent variable ’8

(R ‘A-.,-

and diagnosis (i.e,, case or, ,control) is the independent variable. ’

Thifs descriptibn con:fuses the ‘scientifxic question of ihterest, and we v

5 a ~ N . -
s (4 .

will not describe the situation in these terms
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. . If we consider the iié.‘aké_st: level of causal inference, 'i,.'_é., a population~ . ©
v © " ) : . ' ih N § -
i : " *  level of causal inference, then the causal parameters aré-the marginal \ S
I . , s . ' . LR
’ - probabilitiés P(¥l=l) and P(Y2=L). Thus, the retrospective probabilities™ ; 3 ,
. b . ! . o .- ’ = . . . M' . . “":':’.:;:
: in (15) are not, in themselves, of any causal -interest, because, at T i
N * o fj:f
the very least, they describe the wrong-events. However, by applying “>. . . ‘f;
. ' 4
' the usyal rules of probability, we may reverse the roles of' S and YS in - . : }f
. - "+ (15) and obtain more :{.nt;ei"estin\g probabilities. This reversal.is the L
. o " usual justification for ever looking at T_able~~4. v ) " - . 3
. - . hd > . 1 . * ! . - f
: ) “ i ) h > ) -0 i . . . .-v‘,
: Relating retrospective and prospective probabilities e . o ':j
k . ' To fé%é:{sé the roles of S and YS- we makeﬁﬁ“ge of Bayes theorem to ' ‘1
; ° obfain -” .t - L ) o ‘ N i
- .l ‘% B . l ’ ' ’ . . m Q
) . . 5B (Y k) N
o P P(Yg=k|S=2) = P(S=R|Yg=k) e
- . - - - - .
However, . .
by ) L S e ' .
. ] 1 - (3
. e °° . IP(Xs',klsh'Z) s‘ P(,Y£=k-| S=£) ) _‘-' L
l‘ : '.\'ﬁw . - ﬁ';;\\ ’ - o -
“so ‘it follows that, - - ’ e -
T : caL » oL
A .- et ‘5&;‘7 SRS g v Lo '
e T T B(gel)
=) = P 55l
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ﬁence, in order to transform the retrospective probabilities Tho in ~
¢ T \F
(15) and Table 5 into the more interesting prospective S

ey

probabilities, tki’ we need only multiply the ﬁntries in ' :

).

Table 5 by a, rowﬂfactor (1. e., ak) and a column- factor (i. e., b,

Wes have -illustrated the array of 'prospective" probabilities of (18)

in Table'6. _ . o

> R . N e

_ o & v : { . o

.t

Note that SRR . .
- P(s=2) = ¢ ?§s=z(YS=k') P(Y";}Qi I, 3

N . o . L

—7so,that the”prosgectige prdbabilities in (193 can be calculated from .

knowledge of a) the retrospeCtive probabilities R4 and b) the overall

“ke

proportions of cases and- controls’ in the popu1ation ak = P(Y =k) . ‘g;

0, s ?

The crossfproduct ratio for Table Sjnay be expresged,as:

- - 2
> L. . .4 .
» a1

a¥* =

. T r01' @ P(S—lIY =I) : P(S=,1|Y =o)

-
~
)
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~

o

L% I

A\
ot e .
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A yevorry
-
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: -

- . 7
v \ . .
. .o .

and the cross-product. ratio for Table 6 may be ‘expressed as: Lt

£

*

P(Y2=l|S=2) ' /P(Y -1|s=1) R

F70[5D) :% (Y =o|s=1 N
. 2

4~ . »
a's \, A ’ . Q C P N ’
- / N *

(1)

<

Because Tables 5 and 6 are felatedmvia row‘and column multiplication,

- N

it 4is well~known (e.g. Bdshog, Fienberg, Holland (1975)) that

s -f
. . . R - o <

t ',AC_‘* =‘g**":‘ . .
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Population—level causal inferences )

3
- -

, Nqw et “Us- return to the question of makinga population—level

" causal inference about the effect of the causal agent on the
te -t}“ ¢ .

probability of becoming.a "case." The parameters of interest in such a

causal inference ‘are tfre causal parameters qk('“') = P(Y£=k) or, equivalently,

" the odds associated with these probabilities, 1 e. e R
- I R 16 ¢ S
S P Te = R . (23)

£ =1,2. The odds in (23). for 2,=2°, relative to ¢=1 gives the ‘odds ratio - -

‘o B(Z)r P(Y,=1) [ R(Y=1)" q,(2) [7qi(D) .

o . Lo ° - "
R . o ve
. . ' “

& .J

Even though a represents less information than both B(1l) and 8(2) interest

*

-

_often focuses ‘on the odds ratio in case—control studies. Cértainly & does

F AS . '

'give a measure_of the change in q(Z) re ative to q(l) Co " -

~
s

If we could assume that § and (Y1,Y7) were_ independent, then it would

, gy e S : TeT R
TR R [ R T3, [ 3 , |

follow from (21) that a and a* would be ‘equal. This “nould Justify

- ‘)"

examining 'I'able 4 because the’ cross--product ratios directly estimated by

this t‘%b‘le (i;’e‘.,‘.o;’fz -would be equral toothe cross—_-,far‘od'uct raiio of the L
causal parameters (ie. 'a);‘ :Ho'v"v‘ev:er‘, caseja-‘control studies ar'e°~ non- .
randomiaed vst-ud'ies so- that randomization can not be at generally '
Y e . : -
isfactor.:y basis for a;suming that é andb (Y YZ) are independent.

*

Furthermore, by examining the distribution of a covariate‘x given S=2,, .Wes'

s LT




| ! S : : w : . o
o . studies to examine more detailed aspects of the data than those ‘'which are ) e B
- . summarized by Table 4 in order to have* some hope of drawing reasonable conclusions # ;
' CT . e N . , . B
. The odds rat:io a%. in a case-control study may ot eq_pal @ due ' o . -
= | \ - > ' ¢
L ) to the self-selection of ‘individuals .into ex%%sure categories. We ‘ R
- . RS - ST e s
- ‘conclude that basing the analysis of a case-control study on’Table 4 is g G
n - - «;f
coL - potentially misleadiug because it ignores the possibility of bias due, ' i
55 ’ to self-selection into the ejposure conditions. We. hasten to point ,.o%ixt : §
3 2 - o .
T IN tﬁat.since population-leilelfcausal inferences are the weakest of the "
L thtee types of causal inferences-we discugsed in sgction 2, it*follows 1 ‘.
. s s " “. s - ' - e " AN A E
3 \' that if population-level .causal. inferences are impossible from the data . & . ..
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If it is reasonable to assume that-(?i,Yé)‘and S are conditionally

'independent given X=x, then - ., ’ .
N ; R ) - ,
) . . . * T ) (2 .
L o (33)
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. - . . p(Y =1Ier) P(Y.=1]|X=x)
. X " 8 1 _ .- ‘ (34)
X TP 520 X=x). P(Ylaolx x) . =
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0n the-ofher hand, the cross-ptoduct ratio that is determined by the

e N

ausal.parameters is in equation (24) The relationship between a and

- ‘

thé - values of a isonot a simple one due to the nonlinear form of

. - ,
. .

the*cross—prdauct racio.l Fér example, the average value of o over the

‘distribution of X does not equal a .in general There 1s no simple

an logue to formula (14) for the retrospective‘cross-product ratios.
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Suppose a* = ds for all values of x. If this happens then we shall

say that the daEa in the\cﬁée-control study exhibit a constant cross-
RIS . '1‘

product ratio -~ 1. e., a* is const%nt across all values of x. If we
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are’wiiling to further assume that (Yl,Y ) -and S are conditionally .

s .‘(,

A= - ..
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Qu¥. conclusion is that in a case=control study tne simple 2-way ' L.

g iy N ) . \ .
AT table (Table 4) ysually holds no causal interest. _'The only hope is to )

. . ‘. N -
- e .

. stratify on covariates and to estimate the a;'. If the stratified table
. . RS N 8 d 7 l\.i‘ .
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e exhibits constant: c_ross-product‘ratios then the strongest 'fox;m of 'causa1~
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i inference appears to. be to edtimate a* and assume that it equal_s ao S

K n: ' i i
2 . These latter parameters give the amount- that the second “level of the . )

. a
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2 . caqsal agent increases the proportion of units in,«each X—stratum that 2
- ° . <8 * .
. © vare "cases" relative to the first level of the causal agent. This

» . . - -
}. . . « . . - . -

’ "am.ounig of incremse’ is in terns of the odds corresponding to the proportions. ;

.t Thus, for example, For a given g_al e of the pro ort;ion P(Y =1|x=x), we ' —%
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T ' prospectivﬁ matching n X perfectly controls for X whenever both members -

. *»

#« .,; . - * ‘/
Lo T e _of” each ma‘f"ched pqir have the same values of X. - © e

/
In contrast retrospécti've matchiﬂg on X in general cannot perfectly

control for X because -it ~does fot reconstruct the randomized block experi-

1 . 1 A

-dent,” In eachgmatched p_air;, onje member is a'case and one m%&_ is a
. R k3 :r r . - . . v

control;, to réconstruct the ran omized block experiment, .one- x%embe'r must

- be exppsed and one unexposed which generally does not -occur when on?* .
. . . ; & -

member is a case and the pther aecontrol. Thus summaries Erom the- case~ -

1 poee

A
’control matched”sampl‘e sucft as the cross—product ratio do not represent

R e n A
R [k

.. a-n estimate for wh!,ch X«‘nas been controlled even when all mached pairs are

e

fa .

exaétly matched with respect to X With retrospective 'tnatches, we really
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. need to estimate the crdss-productératio in each matched pair and this
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L s »requires building a models relating "Yl’Y to X and §. We illustrate this
.‘(" . “r ‘} . . . N . &, ‘.’Js" W_’.
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e ‘following data are taken from a case—control study of the.

- F

relationship of coffee drinking and occurances of myocardiai‘l infarctions

>
A ie

“ \(MI) :by'Jick e‘t: al (1973) We usesthese data for illustrative purppses ~

e -
= e .,'_" : K . \ -~

. on'ly. ‘A total ofu24 741 patiqnts Were classified as "cases" (had an MI)
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‘ table\‘that presents t e cases ~and controls cross—classified by the o
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Table 9- suggests a- modest increase in the risk o;‘ MI among persgns ’

who drink coffee. ' The odds ratios'range from 1.5 to 1,8, The cross-product‘

ratios exf?bd.ted in Table 9 are not monotone in t:he -amount of self-reported

c;offee drinking aW seems to be almost as strong for persons

) BN ¥

- who drink 1-2 cups per day -asg for those who driﬁk 6+ cups per day. - .

e . . R

o Howevrer. Table 9 does not tWackground vatiables’ into "
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o account and, as we ‘have discussed earlier, /;:mefore is like],y to be _ ‘ . N
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,*ngisleading because (1) ityis)}not reesdnable to. Believe that -t:he drinking of '

Sl . - ~
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. .coffee.is independ'ent of other relevant factors, and (2) the . -

o

matching ,of cases and controls on hackgfound“ variables does not control
L .

€
. for them. In addition t:o the variable\S = level of S‘elf-reported coffee
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. Tﬁis \resulted in_a covariate X
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sparse table indéed! nany'approaches to simplifying this sort of”

,Jv
situation are possible We shall use log-linear contingency table -,

’)—

.models (a) because,ofitheir direct relationship to the ctoss—product T

ratios, (b) -because they<allow us to see the effect of all of the

-~ -

covariates simultaneously and Cc) because they do ‘not force us to

] . ’ »

rely heavilx on the sparse 7-dimensional table. LT

. v,

Loglinear -Models for this Prublem
‘ ' . ‘ ~ , 57 o .
Let X = (A,G,C,0,H) denote our complete vector”. of coyariates. The
< Ca

retrospective probabilities Thls from ( 25 ) may be- expnessed as:

N e

) . .

. Lo . . 108 (rux) = u + ul(k) + uZ(C) +“x3( ) + ulz:;"(l;’zj T . 3
N )
2 .o S0 ¥ Yste, 0 F 123<1< £,%) '

>

LA B

<

A dei T b
N

,
ook
SR TR

4t
L,

DS

“where the u—terms in (39) are assumedwto §atisfy ‘the usual_ANQHA_like

’ ,“ .~ & . .o

identifying—constraints u

1C+) 2C+T*L 0 etc. We need to expressathe.

-

. -~
. ~ v v , oL -
o N - . .
Py . . N + .
i M + ’ v 4 N -

l~1‘ P - -

iokd

vIZS(l L x) =4, z3<1 1 x') - “123<o 2 x)‘ 123(0 1 x)

V: . r ~ ’ - .- &
‘3:{" 3

“12(0 z; 4.2(0 1) ‘ (42)
. hélﬁierarchical log-linear‘model (see, for
R 2 . ‘—_,.ﬂ‘.\, ) "\ . "4‘,:1, . a’
enb:tg and. Holland l975) specified by setting Usnn ™ 0
SRR R X (‘123
,?» (431 P A
- K :'f.:z’i’f S

2Vt B o

.

-} (41)




.

v . :,9. ..

-

. #h.mpdel where ul23 =0 is acceptable the estimated u12-,terms may be u’sed

9

for all x. Thus, we may 'investigate ‘the question o,f whether 0T Tiot the '

cross—product ratios a*C&) depend on x by ‘testing three—way interactions

Furthermore if a -

B U

var ious covariate
2

'inXand withY and S.

f’f.ff‘i i ukhemore,

to obtain esti;nat_e's'of a*(Z). If wé are willing to make the assumptions

) necessary to insuré that. a*(!.) :ﬁa'o,(!.), vhere o (£) is the causally ) RN
relevant parameter discussed in Section 3, then we may test a»(s@) =] ﬁw%

‘ (i e., no effect of different levels of the causal agent) by testing o o s :
that U, 0.. This test will adjust fozr the distribution of the covariates ) :
in -_the severala:«exposure-,groups. L R . Lo T . .o B

, . . l

. . . \

e s te . N

: s K s . . R .

Simplifying the analysis tes ‘ cL ' R

As désctibed abqve :Lt may, seenr as thougﬁ““we are considering the whole -~ .

2x4xl728 table, but ‘one important feature of the use of log-linear models

3 -

- e

lto do so. i

S

~ .

" 1s ’:hat they ‘do not fo;ce this unless there‘f is sufficient data

E] ﬁf,'ﬁ .

Inst:ead we brealrup X = (A G,C,0 H) intd various marginal distribut:ions and

vea

expand the model in: (39) to‘make use of themz In* the present example we - ¢
E ” {«R. e

expanded the table to.\«the full seven-dimensions, .,but( only fitc, effects for

- . -

the following apairs and triples of“ variables\

(u13) H}"LAGY/ACY/AOY/GCY/GOY/COY/

'w"w A»;":




B
& Resu.lts )
%iv;‘; ' _': ) }f we fit the log:}inear~model indicated by the pairs and triples of
%; :;;,_,l ~. Avariables in (44) and then deIete the SY terms “&nd refit the model, we <"
- obtain.a likelihood ratio test of @ C£)4= 1. The value of the’ likelihood
ratio statistics is 12.3. which;%nder the null hypothesis has 3 degreeg&
1" of freedom:’ Thus, this analysis results in a,sigpificant relationshipli . .
’ betweeo(:offee-consdmption and myocardial infarction;TT The estimated ZC' .
) , G;EZ) valdesﬁare ' ‘;V. s o w' | - . ) R ,f*_\f}%
e LT e a(3) WO e
) - LT 88,3235 179 L T, ,(45‘)‘ coL T
,.‘e aé opposed to' the raw cross-product’ratios gi;en in Tabie 9.» These- i ; E
: adjusted c;oss-Product ‘rat?Los are ,onotonic in 'the\amount of- %coffee‘ ;1 PR A
C . ) consumed and the major’ effe::t is seen to be for high' levels: of coffee e A. Lo i{;
N '-&"_: coﬁsumptfon.; . : ‘ ’ u' - . ."v o : R %j
':'1L4“ K f 16 stndy‘the~question of Whether u CE) varies with x wesfit 5 :
% ' - additional models each gf‘yhic plaées sY iq (44) by one Of ‘thesé
- :riples of variables' HSY, ,“ASY esy, csy, _or 0SY: The like}ih 6a rati‘
. hfi wstatistics.for these models, the degree of freedom and ;ained sig- '
T e :.,’,\w.s. R . RN ‘;{}: .
e _2?“%3” S
i ’.Agghieingé’out here ol ri"ig'ji ",";

¥ TR e B \i“p._‘
- M&'cm,m,

ii None of theseﬁinteracﬁions '

S 3 };4

re. sﬁrongpenough to be scatisticallyf

i ficant “This. Test i‘
LYo s gni ,&y/g{ i;)f\ ‘(3:*".93{:.:} :};{;“

(Miettinen, 0 S" 1976')&‘ j B 3
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